We calculate the predicted width for the radiative decay of a 1 ++ heavy meson via the channel 1 ++ → 1 −− + γ in the covariant light-front quark model. Specifically, we compute the decay widths for χc1(1P ) → J/ψ + γ and χ b1 (nP ) → Υ(n ′ S) + γ. The results are compared with experimental data and with predictions from calculations based on nonrelativistic models and their extensions to include relativistic effects.
I. INTRODUCTION
Experimental observations and theoretical studies of heavy quarkonium QQ states have played a very valuable role in elucidating the properties of quantum chromodynamics (QCD). A heavy quark is one whose mass, m Q , is large compared with Λ QCD ∼ 0.3, so that the running QCD coupling g s (M Q ) and the associated quantity α s (m Q ) = g s (M Q ) 2 /(4π) are reasonably small, allowing perturbative treatments of at least some parts of the physics of QQ states and decays. Furthermore, for m Q ≫ Λ QCD , one can obtain an approximate description of many properties of the QQ states using nonrelativistic methods, including potential models. From the time of the discovery of the J/ψ at BNL [1] and SLAC/SPEAR [2] in 1974, and the Υ at Fermilab in 1977 [3, 4] , there has been a steadily growing wealth of data on the various QQ states, where the Q denotes a charm quark c or a bottom/beauty quark b, as well as data on mesons and baryons with charm and bottom/beauty quantum numbers. Some reviews of heavy quarkonia and references to the literature include [5] - [15] .
These experimental achievements motivate the continued theoretical study of the structure and properties of cc and bb quarkonium states. Among quarkonium decays, radiative decays are particularly valuable as tests of various models, since the photon is directly observed and the nature of the electromagnetic transition is well understood. One of the simplest types of radiative decays is the electric dipole (E1) transition between a QQ state with radial quantum number n and spectroscopic type n 2S+1 L J = n 3 L J with L = 1 (P-wave) and J = 0, 1, 2, denoted χ QJ (nP ) in standard notation, where Q = c, b, and a lower-lying QQ S-wave state n ′ 3 S 1 , in particular, J/ψ and ψ(2S) for the cc system, and Υ(n ′ S) with n ′ = 1, 2, 3 for the bb system. In terms of J P C values, these decays are of the form J ++ → 1 −− + γ, where J = 0, 1, 2. The P-wave cc states were first observed in 1976 by the SLAC-LBL experiment at SLAC/SPEAR [16, 17] . The P-wave bb states were first observed by the Columbia-Stony Brook (CUSB) experiment at the Cornell CESR e + e − storage ring [18, 19] and confirmed by the CLEO experiment at CESR [20] . Larger data samples and quite accurate measurements of branching ratios for radiative decays of P-wave bb states were obtained later, in particular, by the CLEO III [21] and BABAR experiments [22] . Valuable results have also been obtained from hadron colliders, including the observation of the χ bJ (3P ) bb states at the Large Hadron Collider (LHC) [23] and the measurement of the mass of χ b1 (3P ) by LHCb [24] .
There have been a number of theoretical studies of these E1 transitions based on a range of different models [25] - [33] . Many of these models make use of nonrelativistic potentials, such as the potential V = −(4/3)α s (m Q )/r + σr, where the first term is a nonAbelian Coulomb potential representing one-gluon exchange at short distances and the second term is the linear confining potential, with σ denoting the string tension. These are reasonable models, since a QQ boundstate system is nonrelativistic if m Q /Λ QCD ≫ 1.
It is of interest to investigate these radiative decays of P-wave quarkonium states using a different type of model, namely the light-front quark model (LFQM) [34] - [44] . This approach permits a fully relativistic treatment of the quark spins and the internal motion of the constituent quarks. In this covariant approach, the hadronic structure for small momentum transfer is represented by one-loop diagrams evaluated on the light cone. It has been used to study semileptonic and nonleptonic decays of heavy-flavor D and B mesons and also to evaluate radiative decay rates of heavy mesons [45] [46] [47] [48] [49] . In particular, in [49] with Ke and Li, we used this approach to calculate the widths for the radiative decays of heavy 0 ++ and 1 +− QQ mesons.
In the light-front formalism, one chooses the coordinate where q + = 0, in which the quark current cannot create or annihilate pairs, and the relevant transition matrix element can be computed as an overlap of Fock-space wavefunctions. The terms involving pair production or annihilation vanish [38, 50] . An advantage of the lightfront quark model is that it is manifestly covariant. In the light-front approach, it is easy to boost a hadron bound states from one inertial Lorentz frame to another one when the bound state wavefunction is known in a particular frame [38] .
In this paper, extending our previous work with Ke and Li in Ref. [49] , we study the radiative decays and
where n ≥ n ′ by using the light-front quark model. With the front-front formalism, we perform a numerical calculation the widths for these decays and then compare the results with theoretical calculations based on other approaches.
The paper is organized as follows: In Section II, we derive the formulas for the radiative decay 1 ++ → 1 −− + γ. Then in section III, we discuss the meson wavefunctions that are relevant to the light-front approach. In Section IV, we discuss numerical results for the decay widths of χ c1 (1P ) → J/ψ + γ and χ b1 (nP ) → Υ(n ′ S) + γ. Our conclusions are given in Section V.
Here we briefly summarize the notation that is relevant for radiative transition of meson. We follow the covariant light-front approach of [42, 44] and use the same notation. In light-front coordinates, a (four-)momentum p is expressed as
where
Thus,
We denote the momentum of the parent (incoming) meson as P ′ = p 
In what follows, the vector signs on transverse momentum components are to be understood implicitly and are suppressed in the notation. The internal motion of the constituents can be described by the variables (x 2 , p ′ ⊥ ), where p
and p ′′ ⊥ can be expressed as p
B. Form factors
Let us define P = P ′ + P ′′ and q = P ′ − P ′′ . Since the initial P-wave 1 ++ QQ state is an axial-vector, we denote it as A, while the final 1 −− QQ state is a vector, denoted V . The general amplitude for the transition A(1
, and ε * µ (q) are the polarization (four-)vectors of the parent heavy axial-vector meson, the daughter heavy vector meson, and the photon, respectively. The structure of this amplitude was given in [51] . We review this next. Since quantum electrodynamic (QED) interactions are invariant under parity and time reversal (and thus also CP), this amplitude must be Pand T-invariant. In addition to these two conditions, the transverse properties of the polarization vectors yield the three further conditions
Condition (2.11) is also implied by electromagnetic gauge invariance. Applying these conditions, we obtain the following general amplitude (to be simplified below):
This expression can be simplified by using the fact that the photon only has two transverse polarization states, so the timelike component ε * 0 (q) = 0. Taking the parent axial vector meson A(P ′ ) to be in its rest frame, we have
, where M ′ is mass of A(P ′ ). The f 3 term can be eliminated: Furthermore, the f 1 term vanishes due to electromagnetic gauge invariance, q µÃ µνρ = 0. Therefore, the general amplitude that satisfies the five conditions above is given by [51] :
(2.14)
The f 2 term corresponds to the electric dipole (E1) transition and makes the dominant contribution to the amplitude, while the f 4 and f 5 terms correspond to the magnetic dipole (M2) transition and make subdominant contributions [52, 53] . A detailed analysis of parity and time-reversal invariance of this general amplitude is given in Appendix A.
C. Calculation of radiative decay amplitude
In general, the width for an electromagnetic dipole transition between an initial QQ state n 3 P J and a final state n ′ 3 S 1 + γ is given by (e.g., [8] )
where e Q is the quark of the quark Q, E γ is the energy of the outgoing photon in the parent rest frame, and i and j denote the initial-and final-state wavefunctions. For our calculation in the LFQM, we note that the vertex function for the parent axial-vector meson A(1 ++ ) is given by [44] : 16) and the vertex function for the daughter vector meson There are two diagrams that contribute at leading order to the A → V + γ transition amplitude, so we write 
where 23) and N e1 ′ (e2) denotes the electric charge of the constituent quark in units of e. The contribution to the amplitude from the right-hand diagram follows from this.
To calculate the amplitude in the covariant light-front approach, we need to integrate over the internal momentum, p ′− 1 . In order to do this, we first express the amplitude in terms of internal momentum p ′ 1 and external momenta P and q, as well as N 
After the integration over p ′− 1 , one makes the following replacement [42, 44] : 25) where
(2.26)
In the above expressions, φ n ′ s and φ np represent the wavefunction for the S-wave QQ meson V and the Pwave QQ meson A, respectively. We will discuss these wavefunctions in detail in the next section. The defini-
ρ is given in [42, 44] . One should also include the contribution from zero modes in the A meson. In practice, this amounts to the following replacement for p ′ 1µ inŜ µνρ a in the integral [42, 44] 
(2.27)
After these operations, the amplitude A µνρ (a) can be expressed as a function of the external four-momenta P and q. It can be parametrized in the following form:
4 − A
2 ) + (m
3 − A
3 ) + m 29) where the explicit expression of A (i) j is given in Appendix C.
For the right-hand diagram in Fig.(1) , the amplitude A µνρ (b) can be obtained from A µνρ (a) by the interchanges m
The coefficients f i in Eq.(2.14) are the sum of contributions from two parts, A µνρ (a) and A µνρ (b):
In Eqs. (2.29) and (2.31) we write these as general form [48] . The predictions from other models (relativistic quark model [29, 31] , nonrelativistic screened potential model [9] ) and experimental data from PDG [71] are also listed for comparison. The parameters sets are CM1 and CM2. We use the PDG fitted value Γχ c1 = 840 ± 40 keV and BR(χc1(1P ) → J/ψ + γ) = 33. factors dependent on q 2 , but note that in the physical A → V γ decay, q 2 = 0 for the real outgoing photon, so that these are simply constant coefficients. We use this generalization to nonzero q 2 because in the light-front formalism, these form factors are calculated in the region where the photon momentum is not onshell, i.e., where q 2 = 0. To obtain the physical values f i (0) and calculate the decay rate, we take limit q 2 → 0. This yields the resulting width
is the momentum of the emitted photon. In this paper we focus on E1 dipole transition rates, which are dominant, and hence drop the subdominant f 4 and f 5 terms in the calculations.
III. WAVEFUNCTIONS FOR HEAVY QUARKONIUM STATES
The wavefunctions φ n ′ s and φ np can, in principle, be derived from relativistic light-front Bethe-Salpter type equations [41, 54] . However, as discussed in Refs. [41] and [55] , there is a simpler approach, namely to use wavefunctions from nonrelativistic quark models with given potentials. Although a QCD-motivated potential has the form V = −(4/3)α s (m Q )/r + σr, as noted above, this involves the complication of requiring numerical solutions of the Schödinger equation. To avoid this complication, Refs. [41] and [55] used variational solutions of the Schrödinger equation with a nonrelativistic harmonic oscillator potential. This approach was also adopted by Refs. [42, 44, 56, 57] . However, the predictions from this type of approach do not fit the measured widths for Υ(nS) well, and to overcome this problem, modified harmonic oscillator wavefunctions were suggested in [48] . The normalization and explicit expressions for the modified harmonic wavefunctions are listed in Appendix B.
In the next section, we use the modified harmonic oscillator wavefunctions in [48] to calculate numerically the radiative decay widths of χ c1 (1P ) and χ b1 (nP ) states and to compare these with theoretical predictions from other models.
Some comments are appropriate concerning approaches other than the light-front approach. For the heavy quarkonium system, nonrelativistic potential models such as Cornell potential model have proved to be generally rather successful in fitting data [58] [59] [60] [61] [62] . There are also analyses of relativistic corrections to potential models, such as [26, 63, 64] . A relativistic quark model was proposed in Ref. [65] . Screening effects were studied in Refs. [66] [67] [68] , and additional potential models were used in [69, 70] . In these potential models, the wavefunctions can be obtained by numerically solving the Schrödinger equations. In future work it would be of interest to investigate the differences in radiative widths calculated using the phenomenological wavefunctions for the lightfront quark model adopted here (with modified harmonic oscillator wavefunctions) and wavefunctions from potential models. Here we focus on calculations using modified harmonic oscillator wavefunctions, and we compare these with results obtained from other approaches.
IV. ANALYSIS OF RADIATIVE TRANSITIONS
OF χc1(1P ) AND χ b1 (nP )
In this section we apply the light-front formalism for the decay A(1 ++ ) → V (1 −− ) + γ to the analysis of the TABLE III : Decay widths (in units of keV) of χ b1 (nP ) → Υ(n ′ S) + γ E1 decays in the light-front approach, denoted ΓMSHO, based on modified simple harmonic oscillator (MSHO) wavefunctions [48] . The predictions from other models (relativistic quark model [29, 31] , non-relativistic screened potential model [30] , and nonrelativistic constituent quark model [32] ) are also listed for comparison, where [30] 
We present the results of our numerical calculations of form factors (evaluated at q 2 = 0) and decay widths. For the charmonium χ c1 (1P ) decay, we compare our result with experimental data on the width, as listed in the Particle Data Group Review of Particle Properties (RPP) [71] . Although the RPP lists this width for the decay χ c1 (1P ) → J/ψ, it does not list widths for the χ b1 (nP ) → Υ(n ′ S) + γ decays, only branching ratios. Since our calculation yields the width itself, and a calculation of the branching ratio requires division by the total width in each case, we therefore compare our results on the branching ratios for these decays with predictions from other models, including the relativistic quark model [29, 31] , the non-relativistic screened potential model [30] , and the nonrelativistic constituent quark model [32] . For each decay, we have performed numerical calculations based on modified harmonic oscillator wavefunctions as discussed in [48] .
First, we study the charmonium radiative decay χ c1 (1P ) → J/ψ + γ. The parameter sets that we use are as follows, with labels indicated:
1. CM1: m c = 1.4 GeV, β χC1(J/ψ) = 0.639±0.020 GeV.
2. CM2: m c = 1.5 GeV, β χC1(J/ψ) = 0.600±0.020 GeV.
We present our results in Table I , with the uncertainties arising from the uncertainties in the β parameters, as in [49] . As one can see from Table I , our results agree with experimental data within the range of experimental and theoretical uncertainties. The theoretical uncertainties arise from the value of m c taken and also from the model used. The model-dependent uncertainties will be evident from our comparison of predictions from various models.
Next, we proceed to analyze the radiative decays of Pwave bb states. We use the modified harmonic oscillator wavefunctions, which have been successfully applied to the study of radiative decays of Υ(nS) → η b + γ [48] . In this case, the LFQM has the following parameters: the mass of the quark, m b , the harmonic oscillator wavefunction parameter for χ b1 (nP ), β χ b1(nP ) , and the wavefunction parameter for Υ(nS) β Υ(nS) . For the mass of the quark, we use m b = 4.8 GeV. This is an effective b-quark mass chosen to optimize the fit to these radiative transitions, as has been done in a number of other studies; for example, the recent comprehensive study [31] uses the value m b = 4.977 GeV.
For the effective harmonic oscillator wavefunction parameters, there are two choices. One is to use a single parameter β for all states in the bb system. In this case, the wavefunctions correspond to eigenstates of the harmonic oscillator Hamilton with V ∝ r 2 , and hence the energy splitting between different energy levels is [5] ∆E ∝ µ −1/2 , where µ = m Q /2 is the reduced mass of QQ system. This does not account for the observed approximate equality of mass splittings m(ψ(2S)) − m(J/ψ) ≃ m(Υ(2S)) − m(Υ(1S)). Therefore, a more practical choice is to treat β as variational parameter to fit each state separately. For example, in Ref. [31] , the authors obtain β by equating the rms radius of the harmonic oscillator wavefunction for the specified states with the rms radius of the wavefunctions calculated using the relativized quark model. Explicitly, for n = 1, β ∼ 0.9 − 1.2 GeV, for n = 2, β ∼ 0.7 − 0.8 GeV, and for n = 3, β ∼ 0.6 − 0.7 GeV. For our modified harmonic wavefunctions, these results are not exact, but can serve as an estimate of the range of wavefunction parameters. In our analysis, we use the following values of wavefunction parameters: Here we have used estimated values of the uncertainties in these parameters corresponding to those that we used in our previous study [49] . The uncertainties that we include with our resultant calculations of radiative decay widths incorporate these uncertainties.
For the values of form factors, we show typical results in Table II . The numerical results for the decay widths calculated with our parameter setting are listed in Table III . In both of these tables, we include the estimated uncertainties arising from the uncertainties in the input value of m b and the input values of the β parameters. Since for χ b1 (nP ) system, only branching ratios are experimentally determined, we compare our results, denoted Γ MSHO , with those from other theoretical models. As an rough estimation, we define the average values of widths from these theoretical models [29] [30] [31] [32] to be Γ th(ave.) . It should be noted that for many of the decay modes, there is a substantial spread of values of branching ratios predicted by different models. We then calculate the ratio Γ MSHO /Γ th(ave.) and list this ratio in Table II . The decay χ b1 (1P ) → Υ(1S) + γ has a measured branching ratio BR(χ b1 (1P ) → Υ(1S) + γ) = 33.9 ± 2.2 % [71] . For this decay mode, our predicted width agrees well with the average of the other models and, furthermore, the predictions of these other models agree well among themselves. The measured branching ratios for the radiative decays of the χ b1 (2P ) are BR(χ b1 (2P ) → Υ(2S) + γ) = 19.9 ± 1.9 % and BR(χ b1 (2P ) → Υ(1S) + γ) = 9.2 ± 0.8 % [71] . Our predicted width for the first of these decays is in good agreement with the average of the predictions of other models, while our predicted width for the second of these decays is slightly smaller than this average. χ bJ (3P ) states have recently been observed at the LHC via their radiative decays [23, 24] (although no branching ratios for these decays are listed yet by the PDG). For radiative decays of χ b1 (3P ) to Υ(1S) and Υ(2S), our LFQM predictions are in good agreement, to within uncertainties, with other models, while our prediction for the decay to Υ(3S) is somewhat smaller than the predictions from other models.
In general, these results show that the light-front quark model with phenomenological meson wavefunctions (specifically, modified harmonic oscillator wavefunctions), is suitable for the calculation of nP → n ′ S radiative decay widths, since this model gives reasonable predictions for these widths, as compared with experimental data and other theoretical approaches. The results from the calculations in the covariant light-front approach and corresponding nonrelativistic/relativized quark model calculations reflect some differences in the predictions of decay widths, which are related to differences in the properties of these respective models. Specifically, nonrelativistic/relativized quark models contain different ways of including relativistic corrections and also truncations of these relativistic effects, while in the LFQM these relativistic corrections are systematically included. This shows one advantage of the covariant lightfront approach, namely, that it is a fully relativistic formalism, and one does not need to carry out a reduction from relativistic interaction terms to the nonrelativistic limit.
One drawback in the current LFQM is that we do not know the exact form of the light-front wavefunctions and hence only use trial wavefunctions. This problem is more serious for excited states, because for excited bb states with radial quantum numbers n ≥ 2, where Λ QCD is larger than the typical binding energy of the state, the Coulombic type potential is no longer a very good approximation [13] , so we have larger uncertainties in the bb wavefunction that serves as input in light-front quark model. This can be seen from Table III; for reasonable parameters, the decay width of χ b1 (1P ) from the LFQM agrees well with predictions from nonrelativistic/relativized quark models, but for excited states, the LFQM calculations for two channels do not match perfectly with predictions from these nonrelativistic/relativized quark models. As been pointed out in Ref. [13] , for radiative transition of these excited bb states, we rely on phenomenological models, but these do not always agree with QCD in the perturbative regime. Even though the LFQM is a fully relativistic approach, there is thus motivation for further theoretical work to gain a better understanding of the determination of lightfront wavefunctions for QQ states.
V. CONCLUSION
In this paper we have derived formulas for the radiative decay of 1 ++ heavy mesons via the channel 1 ++ → 1 −− + γ in the light-front quark model. Then we have applied these to calculate the coefficients f i and the radiative decay widths of χ c1 (1P ) and χ b1 (nP ) via the respective channels χ c1 (1P ) → J/ψ + γ and χ b1 (nP ) → Υ(n ′ S) + γ. Within the LFQM framework, we have adopted modified harmonic-oscillator wavefunctions. We have shown that most of the predictions of the LFQM with modified harmonic-oscillator wavefunctions are in reasonable agreement with data and other model calculations.
The action of time reversal on on S-matrix element β|H|α is defined to be ( β |T HT −1 |α ) * , where |α = T |α . So the time-reversal invariance of electromagnetic interaction is [51] :
where we use the time-reversal invariance of the electromagnetic Hamiltonian operator: H em = T H em T −1 . For a state with 3-momentum p, spin J and zcomponent of spin m, the time-reversal transformation is T | p, J, m = ζ(−1) J−m | − p, J, −m (for vector and axial-vector states, ζ = +1). After contractions with the associated field operator, this amounts to the change of polarization:
, where we have used the relation ε µ * ( p, m) = (−1) m+1 P µ ν ε ν (− p, −m), and P µ ν = diag(1, −1, −1, −1) represents spatial inversion [51] .
The general amplitude in Eq.(2.14) should satisfy the time-reversal invariance condition in Eq.A1. Let us consider the f 2 term first. Without loss of generality, we can choose polarization (+,+,+) states; then this is given by According to Eq. (A1), the amplitude is time-reversal invariant if
which is satisfied as we can see from the explicit expression of f 2 in Eq. (2.29) . Using an equivalent analysis, we can prove that the f 4 and f 5 terms also preserve timereversal invariance.
Parity Transformation
For a physical state |α , the action of a parity transformation is P|α = |α ′ . The parity invariance of the electromagnetic interaction is expressed as β|H em |α = β|P −1 PH em P −1 P|α = β ′ |H em |α ′ (A6) The parity transformation of a state with 3-momentum p, spin J, and z-component of spin m is defined as P| p, J, m = η P | − p, J, m , where η P is the intrinsic parity of this state. For a vector meson, η P = −1, and for an axial vector meson, η P = +1. After contractions with the associated field operator, this amounts to the change of polarization: ε µ ( p, m) → η P ε µ (− p, m) = −η P P µ ν ε ν ( p, m), where we have used the relation ε µ (− p, m) = −P µ ν ε ν ( p, m). The general amplitude in Eq.(2.14) should satisfy the parity invariance condition in Eq.A6. We take the f 2 term as an example to demonstrate this requirement. Without loss of generality, we can choose the polarization (+,+,+) states, for which the amplitudes are given by Eq.(A2) and Eq.(A3).
Under a parity transformation, q 0 → q 0 , ǫ i (ǫ ′i , ǫ ′′i ) → η P (+1)ǫ i (ǫ ′i , ǫ ′′i ), the amplitude M +++ is transformed to
where the intrinsic parities of V , A and γ are η V = −1, η A = +1 and η γ = −1, respectively. From Eq.(A7), we can see M ′ +++ = M +++ ; hence parity is conserved for the f 2 term. Applying the same method of analysis, we can prove that the f 4 and f 5 terms also preserve parity invariance.
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